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An integral part of the simulation problem are numerical values of parameters or con~tants 

of industrial units . Either these quantities need not be known. accurately or it is not possible 
to control ihem at the set up value. The result of simu lation cannot be then accurate. It is neces· 
sary to determine the region in which the flow rates of components through branches could 
change when the parameters and constants change. For these purposes is applicable the Me nte 
Carlo method. But it is very time-consuming. Here, algorithms are proposed which with the use 
of the algebraic norm approximately determine the looked-for set c f flow rate uncertainty. Tr.ese 
algorithms can be applied for solution of a number of practical problems related with optimum 
sizing of units, sensitivity studies etc. An example is given of a cooling cascade cycle. 

The steady state simulation of deterministic chemical processes lies in calculation 
of flow rates of all components and enthalpies in all streams of the process if the 
following quantities are given! 

topology (mutual interconnection of individual units is known), 
- numerical values of parameters and constants of mathematical models, 
- mass, concentrations and enthalpies of all system inputs. 

In solution of actual problems, except of topology, none of the required informa
tions is accurate. Mathematical models of units (unit operations) are not accurate. 
The same can be said about the values of parameters, constants and properties 
of input streams. 

In majority of cases this situation is simply ignored. In design of dimensions of units 
are chosen unnecessarily large heat transfer areas, volumes etc. The impossibility 
to describe quantitatively the effects of uncertainty of the studied phenomena results 
in too expensive units. 

There exist several methods for a general estimate of the effect of errors of input 
data on solution such as is the sensitivity2 analysis, Monte Carl03 method, interval 
arithmetics4 , etc. 5 -7. These methods can supply useful information but only on the 
account of rather expensive computer time or a complex theoretical analysis. 

Here relatively simple algorithms are proposed which overcome the mentioned 
disadvantages and are sufficiently accurate to supply the designer with reliable 
design data. 
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ANALYSIS OF THE PROBLEM 

Mathematical model of the chemical process is a system of non-linear equations. 
They can be written in the form 

I(X, K, p) = 0, (1) 

where X represents the vector of variables (flow rates of components in streams), 
K vector of constants, P vector of parameters. The vector Xr which satisfies Eq. (1) 
is in general a function of constants K and of parameters P 

Xr = cP(K, p) . 

But the values of constants and parameters in solution of practical problem are 11 0 t 

accurately known, i.e. they can change in a certain region. 

Let us denote as :ft" the set of all numerical values of constants K and f!J the set 
of all values of parameters P. It implies, that the solution of system (1) is not a single 
value Xr but a whole set denoted as X R, which 

XR = {Xri/(X"K,P) = 0, KE:ft"(Xr)' P Ef!Jr(Xr)} , 

In general the sets :ft" and f!J depend on values of the vec tor X r . But in practical cases 
it is relatively frequently assumed that these sets are independent of X r . Let us de
note as problem (p) the search for the set XR• 

The mathematical analysis of the problem (p) as has been a lready stated at the 
beginning, is relatively complicated and the present theories have nothing to offer 
in this respect. Very simple is application of the Monte Carlo method. It is based 
on repeated solution of the system of Eqs (1) while values K and P are randomly 
generated on sets :ft" and f!J. Though this method is not inapplicable from the view 
of the required computer time it gives useful information on probability di stribution 
of solution as a function of constants and parameters di stributi on. 

In the following part of this study the methods are considered which are not time
-consuming and are so simple that they can be relatively easily put into the form 

of a program. 

LINEARISATION OF THE PROBLEM 

To be able to solve the given problem (p) in an acceptably short time it is necessary 
to simplify it . The simplification rests in substitution of the nonlinear model, de

scribed by the system of Eqs (1) by the linear model 

(2) 
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which is obtained by linear approximation of Eqs (1). In the study of the new problem 
the estimate of the effect of uncertainties due to linearisation is not considered. Solu
tion of X~ of the system (2) is again a function of constants and parameters 

x~ = <PL(K, P). 

Due to uncertainties of constants and parameters, there exists again a whole set 
of solutions, which is denoted as X~, and is given by 

x~ = {X~ I f(X~, K, p) = 0, K E.Y[, P E &} . 

The looked fOl set X~ is denoted as the problem (PL). 

There are several linearisation methods. As concerns the estimate of the effect 
of constants and parameter uncertainties on solution it is suitable to use the mathema
tical model in the form of Nagiev balance equations8

• The Nagiev balance equations 
have the form 

N 

S; + LaJ,A) = A: 
j= 1 
j*i 

i = 1, 2, ... , N; t = 1, 2, ... , F , 

(3) 

where N is the number of nodes of the system, F number of components, S; is the 
system input of component t into the i-th node, A) is the total flow rate of c~mponent t 
through the node j, a)i is the splitting ratio for the component t carried from the 
node j into the node i. 

If we assume that the splttting ratios are constant for a certain definite state of the 
process we obtain F systems of N linear equations. The flow rates are obtained 
by solution of the system of Eqs (3) denoted as }'r' The effect of uncertainty of both 
constants and parameters can be expressed by modification of the system of Eqs (3) 
in the following way 

N 

S: + bS: + L (a)i + bec}i) AJ = ).:. 
j=1 
j*i 

The uncertainties of coefficients can be e.g. given by the intervals i.e. by 

becJI E < -LlecJi , Lla)l) 

bS: E < -LlS:, LlS:) , 

where LlaJ" LlS: are the upper estimates of errors of coefficients ec~i and S:. 

(4) 
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Let us denote as }.R the set of all solutions of the system (4). The looked for set 
is the already mentioned problem (pL). 

ESTIMATE OF THE EFFECT OF ERRORS 

For illustration let us write the set of Eqs (3) for component t in the form 

and its solution as }. ~. The elements of the matrix of the system A I and of the vector Sl 
are not known accurately. Therefore a solution is looked for which fits the system 
of equations 

(AI + OA') ().~ + O}.I) = SI + ost. 

The matrix oA t and the vector ost are the errors of coefficient s and O}. t are the errors 
of solution. 

According to the character of errors oA t and ost the problems are divided into two 
groups9; 

in case of errors of random character with known distributi on the problem is cal
led problem under risks, 

in case of unknown distribution of errors, where only their upper and lower 
estimates are known, i.e. where LlAt and LlS' are known, for which there holds 

OA' E < -LlA', LlA t> 
ost E < -LlS\ LlSt> , 

the problem is called under uncertainties. 

When the problem is formulated as the problem under risks it is possible to solve 
the case when the errors of coefficients oAt and ost have the normal distribution. 
It is then possible to find the ellipsoid of solution error concentrations and a cor
responding probability with which the solutions }.~ + c5},' is situated outside this 
ellipsoid. 

Let us arrange the errors of input data into the form 

oa~l' ... , 1a~1' "" c5a~N' ... , oa~N' •.. , osL ... , oS~ . 

Their covariant matrix, which is of the N 2 + N order is denoted as Ll. It can be 
divided into square submatrices Llij of the order N, i, j m 1, 2, ... , N + 1. The 
mean values of elements of the matrix c5A t and of vector ost are equal to zero, i.e. 
there holds 
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E(<5a: j ) = 0 i, j = 1, ... , N . 

E(<5S:) = o. 

Dohnal, Ulmanova : 

Then the matrix Li jj is formed by mean values of products of elements of the i-th 
and j-th column of the matrix <5A for i, j = 1, ... , N. or of the column vector <5S t 

for j = N + 1 or j = N + 1, i.e. for 

Then the covariant matrix K of errors of vectors of solution (j). t is of the form 

N+l N+l 

K = A-I L L ,l.:).:AlA- I? 
i=i j= 1 

The probability that the vector of errors b}, t is outside the ellipsoid of concentration is 

and is given by relationlO
-

12 

For the estimate of errors in problems under uncertainty it is suitable to use two 
following methods. 

The first method gives the estimate of errors of solution in the vector norm which is 
in agreement with some multiplicative matrix norm. For definition of needed terms -
see lO

. 

Solution of the system of equations 

(At + bAt) (A: + <5..1. 1) = SI + <5SI , 

where there are given the upper bounds of errors ~A I and ~SI i.e. for errors <5A I and 
<5S t there holds 

<5A t E < _~A', ~A'> 

<5S1 E < _~SI, ~A'> • 
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When the condition IIA111.IIA- 1 11 < 1 is satisfied for the multiplicative matrix norm 
corresponding to a norm vector so the norm of solution errors is 

The set of possible solutions A! + 0..1. 1 of the given system is inside the convex body 
whose center is in the point A!. It is possible to use e.g. the following vector norm 

N 

11):111 = L 1).:1 
;=1 

N 

11).1112 = [L ().wr /2 
i= 1 

!~'._$2 r '-, '-, 
I 

FIG. 1 

Geometric shapes of three basical types of norms 

FIG. 2 
Computation scheme of the equipment for liquifying of natural gas. Nodes 1-5 are the liqui
fying stages. From the first and the second stages is withdrawn liquid for cooling in stages 4 and 5 
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For the two-dimensional case thEse norms correspond to convex bodies in Fig. 1. 
The estimate made according to this method gives relatively pesin-,istic results as has 

been obtained by compar ison with the Monte Carlo method. 

The second method is making use of the elliptic norm. The region of solution 
).; + (j).t is circumscribed by the N-dimensional ellipsoid relativelyaccuratelyIl,12 

as has again been verified by the Monte Carlo method. 

If in the system of linear equations 

the upper bounds of errors of coefficlmts are expressed in the spherical nOlm i.e. 

then the matrix 

determines the looked for ellipsoid. Its center is located in the point ).:, lengths 
of semiaxes are equal to the second roots of their eigenvalues and semiaxes are located 

in the directions of eigenvectors. 

FIG. 3 

Processing scheme of the unit for liquifying 
of natural gas. Nodes 3, 6, 8, 10, 12 separa
tors, nodes 7,9,11,13,14 multistream heat 
exchangers, nodes 2, 5 water coolers, nodes 
16, 17, 18, 19 valves, node 15 choke valve, 
nodes 1 and 4 two-stage compressor, NG
-natural gas, LNG-liquefied natural gas 
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Example: For illustra tion. the application of the described methods has been studied by the 
modified cascade cooling system t 3 It s simplified fl owsheet used for the material ba lance is 
in Fig. 2. The original scheme of the process is given in Fig. 3. 

The values of splitting ratios and inputs and their erro rs were gi ven . F Or determination of the 
magnitude of errors of splitting ratios and input s the next assumptions were made: 

- the calculated equilibrium concentrati ons (vapo ur- liquid) differ fro m the experimental data 
either relatively less than by 5% or absolute ly by less than for 0·0005 of mole fraction ; 

sum of all va lues of splitting ratio in the corresponding node mmt according to definiti on be 
equal to I , i.e. 

N 

LO!J; = I j = 1. 2, ... • N 
i = ! 

which must hold a lso when the error is included i.e. 

N 

L(O!L + oO!j;) = 1 . 
i = l 

The given problem has been presented as the problem under uncertainty. For information 
it ha s been studied also as the problem under ri sk with normal di stt ibuti on o f coefficients of errors. 

100 

Q1,2 =1·0 

FIG. 4 

Testing scheme formed by two ncdes 
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FIG. 5 

Uncertainty ellipses - two-dimensional case. 

Ellipsoid 1. Kl = K2 = 0 '05; 2 Kl = K2 = 
= 0'00625; 3 Kl = K2 = 0'0125; 4 Kl = K2 
= 0·025 
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The variations have been chosen as 

i .e. the intervals in which the coefficients can be located in the examples at uncertainty have the 
99 ·7% probability (see properties of standard distribution). 

The given exa mple is not too illustrative since the result is the ellipsoid in the 5-dimensic nal 
space. The situation here is thus similar as in the study of the part of a process for production 
of low solidifying oils and parafines14

. 

For clarification is thu s given a simple two-dimensional example which can be demonstrated 
graphically. 

The scheme of this simple system is given in Fig. 4. 

This two-dimensional case has been again solved by both meth ods. For the case at uncertainty 
the 20% relative errors were considered i.e . 

i.j = 1.2 •. . .• N. 

.i(Xji = K 1(Xji 

.iSi = K 2 Si 

(5) 

The elliptic norm and ellipsoids of concentration with the corresponding probabili!ies are 
given in Fig. 5. 
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